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Abstract
Weconsider spin relaxation ofﬁnite-size spin chains exchanged coupledwith a one-dimensional (1D)
electron gas at the edge of a quantum spinHall (QSH) insulator. Spin lifetimes can be enhanced due to
two independentmechanisms. First, the suppression of spin-ﬂip forward scattering inherent in the
spinmomentum locking of theQSH edges. Second, the reduction of spin-ﬂip backward scattering due
to destructive interference of the quasiparticle exchange,modulated by kFd, where d is the inter-spin
distance and kF is the Fermiwavenumber of the electron gas.We show that the spin lifetime of the
S=1/2 ground state of odd-numbered chains of antiferromagnetically coupled S=1/2 spins can be
increasedmore than 4 orders ofmagnitude by properly tuning the product kFd and the spin sizeN, in
strong contrast with the 1D case. Possible physical realizations together with some potential issues are
also discussed.
1. Introduction
The study of both individual spins [1–3] and their engineered structures [2, 4–8] deposited on surfaces entails the
interaction of these surface spins with the underlying electron gas of the substrate. These systems can be built
and probed using an scanning tunnelingmicroscope (STM).Moreover, recent experiments [8–11] show that
single spin resonance experiments can be carried outwith STM.However, in order to achieve coherent
manipulation of the surface spins it would be necessary to increase the spin lifetimeT1 and spin coherenceT2
beyond the inverse of the Rabi coupling, a condition that is notmet in these systems.
The spin lifetime of individualmagnetic atoms is controlled by the electronic properties of the substrate, the
surface spin system, and their exchange interaction, encoded in ρJ, where J is the Kondo exchange and ρ is the
substrate density of states [12–14]. The enhancement of spin-lifetimes by reduction of either ρ or J has been has
been explored in several systems, including heavymetal substrates with strong spin–orbit [15], superconducting
[16] or semiconducting [3] surfaces and thin decoupling layers, such as Al2O3 onNiAl [1], Cu2NonCu(100) [17]
orMgO/Ag(100) [18]. Relaxation times for 3d atoms onmetals range from the ps time scale formagnetic atoms
directly on a conducting substrate [19] up to tens ofms [20] in the presence of a decoupling layer. In addition, the
role of the symmetry of the adsorption site have been highlighted [21–24]. This has permitted reaching the single
atom limit bit by depositingHo atoms on aMgO/Ag(100) surface [10, 23]with relaxation times exceeding hours
observed.
Spin arrays offer additional routes to control their spin lifetimes, compared to individual spins on surfaces.
For instance, transitions between the two ground states ofmagnetically ordered short spin chains, either ferro or
antiferromagnetically (AFM) coupled, are severely slowed down [6, 7]. A drawback of this approach is that it
essentially relies on building larger objects for which decoherence ismuch faster. Therefore, largerT1 comes at
the expense of amuch shorterT2. A second route for engineering the spin lifetimes of spin arrays is to take
advantage of the destructive interference in the scattering between substrate quasiparticles and an ordered array
of spins [25].
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More speciﬁcally, in a previouswork [25]we found that spin relaxation of linear spin arrays interacting with
a one-dimensional (1D) electron gas has an oscillatory dependence on kFd. In this case, the spin relaxation has
two contributions attending to themomentum transfer of the quasiparticle, forward and backward scattering,
each of which has both spin-ﬂip and spin-conserving processes. Here we propose to use the peculiar spin-
locking of the quasiparticles at the edges of a quantum spinHall (QSH) [26] to enhance theT1 in engineered spin
chains. For the the edge states of theQSH insulator, spin-conserving quasiparticle scattering is only possible in
the forward channel, and spin-ﬂip scattering requires back-scattering, see ﬁgure 1. Therefore, this already
reduces half of the scattering channels. The scope of this work is to showhow spin-ﬂip back-scattering can be
further reduced, or even fully suppressed, by engineering kFd, either by atomic positioning (changing d) or by
gating (changing kF).
TheQSHphase wasﬁrst observed in heterostructures ofHgTe/CdTe [27], following a prediction of
Bernevig et al [28]. Strong evidence ofQSHphase has been found on heterostructures of InAs/GaInSb [29].
However, theQSH edges are buried inside a heterostructure,making it almost impossible to carry out STM
manipulation/deposition ofmagnetic atoms in these systems. Edge states have been observedwith STM in
atomically thin islands of Bi 111( ) [30, 31], although there is still some controversy about the evidences of spin-
locked edge states [32, 33]. Recently, the observation of theQSH effect has been reported on amonolayer crystal
ofWTe2 [34, 35] showing a robust topological phase up to 100K [36].
The interplay between localmoments and itinerantQSH edge quasiparticles has been extensively studied
theoretically [37–41].Most of the previous works have focused on the impact of local spins, eithermagnetic
impurities or nuclei, on the quasiparticle spin relaxation, which has a direct impact on the lack of conductance
quantization: in the absence of spin-ﬂip scattering, the conductance ofQSH channels should be e2/h [26].
Experiments [27, 29, 34, 36] very often ﬁnd smaller conductance values, whichmotivates the quest of spin-ﬂip
back-scatteringmechanisms [29, 34]. There are in addition several proposals for themanipulation of
nanomagnets and localmagnetic impurities with the spin-transfer torque exerted by the fully spin-polarized
current ofQSH edges [42–44]. Herewe focus on the relaxation and decoherence of the spin states ofmagnetic
chains, putting special emphasis on the role of scattering interference.
The rest of thismanuscript is organized as follows. In section 2we describe themodelHamiltonian that
describe the spin chain, the electron gas hosted at an edge of aQSHI, and their Kondo interaction. In section 3we
revisit the expressions for the relaxationT1
1- and decoherenceT2 1- rates. . The dissipative dynamics of a S=1/2
degree of freedom encoded in the ground state doublet of odd-numbered chain of AFMcoupled S=1/2 spins
is discussed in section 4. Finally, a thorough discussion of the results and themain conclusions are presented in
section 5.
2. SystemHamiltonian
Let us consider a linear chain ofN equidistantmagnetic adatoms, with inter-atom distance d, deposited on
equivalent atomic adsorption sites described by the spinHamiltonian J S l S l 1lchain H = å + +
 
( ) · ( )
Zeem where S l ( ) is the spin of the l-magnetic adatom. The ﬁrst term accounts for theHeisenberg exchange
coupling and the last one for the Zeeman interactionwith an externalmagnetic ﬁeld.Wewill denote by Mñ∣
and EM the eigenvectors and eigenvalues of chain .Wewill focus our discussion on the simplest S=1/2 case,
and thus themagnetocrystalline anisotropy will not be discussed unless otherwise stated.
In the proximity of a conductor, the local spins suffer a Kondo exchange interactionwith the conduction
electrons [45]: S l s r ,K i
N
l l = å
  ( ) · ( ) where s rl ( ) is the surface spin density evaluated at the position rl of the
l-magnetic atom [13, 25]. Herewe are interested in the case where the conductor is substituted by a chiral 1D edge
state.
Spin relaxation of local spins due toKondo exchangewith itinerant quasiparticles is governed by states in the
neighborhood of the Fermi energy.Wemodel these states as left and rightmoving quasiparticles with linear
dispersion òk−òF=±ÿvFk, where vF is the Fermi velocity and k themomentummeasuredwith respect to
mkF, with kF the Fermiwavenumber. Taking into account the spin-momentum locking, we deﬁne theﬁeld
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where L is the length of the edge and L ck k k ,Fº - + † ( )† and R ck k k ,Fº + + † ( )† are the left (right)moving fermion
operators, with cks
† the creation operator of a fermion in the edge channel with spinσ andmomentum k4.We
assume that the quasiparticle spins have amomentum independent quantization axis, that we denote as the z
axis. This assumption ismet in theKane–Melemodel [26], but in realmaterials it could fail.We can nowwrite
the non-interactingHamiltonian of theQSH edge quasiparticles close to the Fermi energy reads as:
v k k R R k k L L , 2
k
k k k kedge F F F å= + - +[( ) ( ) ] ( )† †
where vF is the Fermi velocity, which is the same for left and right goers on account of time reversal symmetry.
Here the sumover k is restricted to a small window around k=0where the linear dispersion relation holds.
A spin chain coupled to one edge state of a SHB can be described by the followingHamiltonian =
Kchain edge  + + , where the resulting Kondo coupling has two different contributions, K K + ^ , where
J
L
S l R R L L
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wherewe have introduced the spin-ladder operators S S S1 2 i
x y= ˆ ( ˆ ˆ ). Theﬁrst term K corresponds to the
spin-conserving Ising-like term. The second termwill be responsible of the spin-ﬂips. Importantly K contains
only forward scatteringwhile K^ accounts for the backward scattering.
3. Relaxation anddecoherence rates
Wedescribe the dynamics of spin chains coupled to the conduction electrons on the edge states in the SHB
within the Bloch–Redﬁeld (BR) approach for open quantum systemsweakly coupled to reservoirs [46]. This
theory have been applied successfully to describe the inelastic electron spectroscopy [4, 47–49], renormalization
of themagnetic anisotropy [50, 51] and the dynamics [6, 7, 13, 21, 23, 25, 49] ofmagnetic adatoms deposited on
a thin decoupling layer.Herewe just applied the general expressions of the transition and decoherence rates
presented in [25] particularized to the coupling terms (3), (4). For simplicity we assume that the strength of the
Kondo interaction Jl is the same for all the atoms in the chain, i.e. Jl=J. After a long but straightforward algebra,
one can arrive to the following expressions for the transition rates MMG ¢ from stateM to M ¢
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where l lcos 2l l x x= - ¢- ¢( ) ( ( )) and S l M S l MMMa aº á ¢ñ¢( ) ∣ ˆ ( )∣ for a=x, y, z, and E EM M M Mw = -¢ ¢ . Here
we have introduced the energy and temperature-dependent transition rate of a single spin S exchange coupled to
Figure 1. Scheme of the physical system. (a)A linear antiferromagneticHeisenberg chain of S=1/2 spins is deposited on the edge of
an spinHall bar (SHB). For a given edge, electronswith spin upmove in opposite direction to thosewith spins down. (b) Schematic
representation of the energy bands of the SHB. The two chiral edge states, for which spin andmomentum are locked, present a linear
dispersion close to the Fermi level.
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With this notation, k>0 states have òk>òF both for L andR fermions.
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an electron gas
J S
2
, 6S M M M M2 2g w p r w=¢ ¢( ) ( ) ( ) ( )
where x x e 1x = -b( ) ( ), withβ=1/kBT and kB the Boltzmann constant.
There are two kind of scattering processes leading to decoherence. One of them is the so-called non-adiabatic
decoherence, which is associated to population scattering andwhose rate is given by [46]
2MM N M MN N M M N
nonad.g = å G + å G¢ ¹ ¹ ¢ ¢( ) . Even if population scattering is strictly forbidden (γnonad.=0), there
can be a second source of decoherence, the adiabatic decoherence, associated to the loss of phase coherence due to
scatteringwith the itinerant electrons. Following themethod outlined in our previous work [25], we obtain the
adiabatic decoherence rate
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Equations (5) and (7) are the central results of this work. In deriving these two equations we have assumed a
constant spin-independent density of states around the Fermi level, k k  r d r= å - »s s( ) ( ) . In addition,
we have approximated k(ò)≈±kF [49]. Importantly, both MMG ¢ and γMM′ad. contains a spin conserving
contribution (involving only S z(l)) associated to forward scattering, and a spin-ﬂip contribution associated only
to backward scattering.
We can always classify quasiparticle scattering, responsible of bothT1 andT2, in terms of the amount of spin
exchangedwith the spin chain, S 1, 0zD =  . In one dimension, we can further split quasiparticle scattering in
two groups, according to the variation of quasiparticlemomentum,Δk≈0,±2kF, known as forward and
backward scattering respectively.We have thus 4 types of scattering channels, listed in the table 1. Importantly,
in the case of quasiparticles at the edge states of theQSH insulators, two of these four channels are forbidden, on
account of the spin-momentum locking. This holds regardless of the properties of the spin chain. The rest of the
discussion shows that, in addition, the spin-ﬂip backward scattering can also be suppressed in suitably tailored
spin chains.
4. Relaxation anddecoherence of the spin-uncompensatedNéel states
Let us consider an antiferromagnetic spin chainwith an odd number of S=1/2 spins, which yields a S=1/2
ground state. The lowest energy states of these chains are staggeredNéel-like states, where S lM M
z
, ~( )
l1 l M- +( ) ( ), with l 1 2 ~( ) . Figure 2 shows the relaxation timeT1(N) in units of the lifetime of a single spin
coupled to a 1D electron gas,T 11
1D
1 2 g= D( ), whereΔ=gμBB. For clarity reasons, we present only two
chains withN=3, 7 spins coupled to either a spin-locked electron gas, labeledwith SHB, or to a normal 1D
conductor. In all cases,T1(N) are periodic functions of kFd, with periodπ. The periodic behavior on kFd is due to
the interference between the planewaves of the conduction electrons scattered at different sites of the spin chain,
which acts as a diffraction grating [25].Weﬁnd that, for all values of kFd,T1(N) is larger for the spin-locked case
than the normal 1D electron gas. This can be understood right away because, for the S=1/2 doublet,T1(N)
entails aﬂip-ﬂop spin interaction between the quasiparticle bath and the chain state. In the spin-locked edge
states case, this is only allowed in the back-scattering channel, see equation (5).
Table 1.Quasiparticle scattering
channels, leading to spin relaxation
in the spin chains, in the edge of
QSH insulator depending on the
variation of the quasiparticle spin
ΔSz andmomentum transferΔk.
SzD Δk
QSH allowed 0 0
QSH allowed ±1 2 kF
QSH forbidden 0 2 kF
QSH forbidden ±1 0
4
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Themost striking feature inﬁgure 2 is the very largemodulation ofT1 as a function of kFd, which is
dramatically larger for the spin-locked reservoir. By choosing the right values of kFd, one can increase the
relaxation timeT1 bymore than 4 orders ofmagnitudes. This control could be achieved either bymodifying the
inter-spin distance, or by a gate voltage that could vary the Fermi level of the electrode. Notice that, from a
practical point of view, changing either d or kFwill probably change the intrachain exchange J, an effect that will
not be discussed here. Notice that spin chains of lengthN presentsN−1maxima ofT1(N) in each period of kFd,
with themaxima foundwhen k d N2 1F 1 p~ --( ) ( ) . Thesemaxima inT1 can be attributed to the suppression
of spin-ﬂip back-scattering due to destructive interference in themultiple back-scattering of the quasiparticle
with the spin chain.We have veriﬁed theseﬁndings for chains of lengthN=2n+1, with nä [1, 10].
Let us now considerT2. The resulting decoherence timesT2=1/(γ
ad.+γnonad.) are depicted inﬁgure 3. As
observed, the SBH case lead to a decoherence time that is roughly a factor 2 larger than the coherence time of the
chain coupled to a 1D electron gas. However, formost of the kFd values, increasing the chain size (and thus, the
relaxation times) does not lead to reduction ofT2. Themodulation ofT2 with kFd is verymild, compared to the
case ofT1, because the contribution of the spin-conserving forward scattering channel can not be eliminated.
This can be seen in the inset ofﬁgure 3where the adiabatic and non-adiabatic contributions to the decoherence
time are depicted for theN=7 spin chain. As observed, the (momentum-independent) spin conserving
Figure 2. Spin relaxation times for oddN=3 (solid lines) and 7 (dashed lines) S=1/2 spin chains. The relaxation times obtained for
the couplingwith a SHB (one-dimensional conductor) are depicted in black (blue). In all cases, JH=1meV, gμBB=0.05meV and
kbT=0.01meV. All times are referred to the relaxation time T 11
1D( ) of the single spin.
Figure 3. Spin decoherence timesT2(N) for oddN=3 (solid lines) and 7 (dashed lines) S=1/2 spin chains. The decoherence times
obtained for the couplingwith a SHB (one-dimensional conductor) are depicted in black (blue). Same parameters than in ﬁgure 2. The
inset shows the adiabatic 1/γad. (dark green) and non-adibatic 1/γnonad. (cyan) contributions to the total decoherence timeT2(N)
(maroon) for theN=7 spin chain.
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contribution 1/γad., see equation (7) and table 1, remains alwaysﬁnite and it dominates the decoherence for
most of the kFd values.
Finally, we should notice that for both coupling to a 1D conductor or to a spin-momentum locked edge state,
the relaxation and decoherence times can be substantially larger than for a normal three-dimensionalmetal with
the same density of states at the Fermi energy and the sameKondo coupling [25].
5.Discussion and conclusions
In this workwe have explored a new route to boost the spin lifetimes ofmagnetic atoms on surfaces. To do so, we
have taken advantage of theﬂexibility offered by spin chains by exploring the interference of the quasiparticle
scattering at the different positions of the array, combinedwith the spin-momentum locking of the chiral edge
states of aQSH insulator.
In the case of atoms coupled to a normal conductor, spin lifetimes aremainly limited by theKondo-induced
spin-ﬂip processes with quasiparticles at the Fermi surface of the conductor. Therefore, a clear way to increase
the spin lifetimes is by reducing the number of scattering channels. This can be achieved for instance in a 1D
conductor, where the only allowed processes are forward and backward scattering. Yet, the spin-momentum
locking at the borders of aQSH conductor offers an additional thrilling feature: the forward spin-ﬂip channel
and the backward spin-conserving channel are fully quenched.
Experimental realizations ofmagnetic chains placed on the edges of a spinHall bar are still to be
demonstrated. Yet, there are a few substrates candidates such as themonolayer crystals ofWTe2 [34–36] or
atomically thin islands of Bi(111) [30, 31]. The advances in STMmanipulation and probe togetherwith the
STM-induced electron spin resonancemakes us think that such an experimental setups could be realized in the
near future.
Even if these system can be realized experimentally, theremay be some effects preventing the observation of
these long relaxation and decoherence times. For instance, we have not explored the possible issues associated
with beyond-ﬁrst neighbors interactions in the chain, andwe overlooked the possible RKKY interaction [52]. In
addition, we have neglected the role of electron-electron interactions in the SHB, that often has a strong
inﬂuence in 1D systems.
One natural question that emerges when talking aboutmagnetic atoms on surfaces is the role ofmagnetic
anisotropy and the spin size.Most of themagnetic atoms used for assembly engineered spin structures do not
behave as spin S=1/2 systems and they suffer somemagnetocrystalline anisotropy [2, 4–8].We have analyzed
the relaxation and decoherence times of anisotropic S>1/2 spin chains, including both longitudinal and
transverse anisotropy in the local spinHamiltonian: l DS l E S l S l
z x y2 2 2 = + -( ) ˆ ( ) [ ˆ ( ) ˆ ( ) ].We veriﬁed that
for AFM spin chains that can be described as a two level system, a largemodulation ofT1 andT2 times can still be
reached by tuning kFd on aQSH, although results are not as prominent as those of the S=1/2Heisenberg
chain. The corresponding results for a S=3/2 spin chain are shown in appendix B for completeness.
To sumup, spin lifetimes of a S=1/2 spin encoded on odd-numbered antiferromagnetic S=1/2
Heisenberg chains are limited due toKondo interactionwith a substrate.We have shown that this unwanted
effect can be dramatically reducedwhen theKondo interaction occurs with conduction electrons in the spin-
locked edge states of aQSH insulator. This enhancement of the spin lifetimes can be tuned by varying the
product kFd of Fermiwavenumber kF and inter-spin distance d.We have shown that, for speciﬁc values of kFd,
the spin-ﬂip backward scattering is also suppressed. This behavior is peculiar of the SHB edge states, and it
stands on the locking of the spin andmomentumdegrees of freedom.Moreover, we demonstrated that although
the resulting spin coherence time is limited by the unavoidable spin-conserving forward scattering, it can be still
larger than the single spin decoherence time.
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AppendixA.Derivation of the transition rates MMG ¢
In this appendixwe provide some details of the derivation of equation (5). The corresponding equation for the
adiabatic decoherence rates can be obtained following the same steps. For convenience we introduced the
complex single particle indexesα≡(l, a) andβ≡(l′, b), where a, b=x, y, z. Following the BR approach, we
write down the interaction of the quantum systemwith the bath as R = åa a a, whereRα (a) are reservoir
(system) operators. Using the deﬁnitions (3) and (4), we can identify S la ºa ( ) and the reservoir operator
R
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The transition rate MMG ¢ can be thenwritten in terms of the electrode correlation function gα,β(ω) in frequency
space as [46]
g
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, A.2MM
R
MM
MM M M
2 ,  å wG = ab a b a b¢ ¢
¢ ¢( ) ( )
where g gReR MM MM, ,w wºa b a b¢ ¢( ) [ ( )]. For the decoherence rates MMad.g ¢ oneﬁnds the following expression [46]
g
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Hencewe only need to evaluate gRe , wa b[ ( )] in order to get the relaxation or decoherence rates. The real part of
the reservoir correlation function can bewritten in terms of thematrix elements ofRα[46]:
g P r R r r R r , A.4R
r
r
r
rr, å åw p d w w= á ¢ñá ¢ ñ -a b a b
¢
¢( ) ∣ ∣ ∣ ∣ ( ) ( )
where r r, ¢ label the reservoir states and P Zer r= b- the occupations in themicrocanonical ensemble.
Working out the expression of thematrix elements in the Slater determinants rñ∣ of the reservoir and introducing
the statistical expectation values, one gets for the spin conserving contribution [13, 46]:
g
J J
L
f f k k d l l
4
1 cos . A.5
zl zl
R l l
kk
k k kk, 2
 åw p d w w= - - - ¢ - ¢¢ ¢
¢
¢ ¢( ) ( )( ( )) ( ) [( ) ( )] ( )
For the spin-ﬂip contribution, we have that g g 0xl yl yl xl, ,w w= =¢ ¢( ) ( ) , while the diagonal terms are given by
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with b=x, y. Equations (A.5) and (A.6) are totally general given theKondo coupling (3), (4). However, in order
to get the expression (5)weneed tomake some extra assumptions. For convenience, we introduce the density of
states k k,  r d= å -s s( ) ( ). Inﬁrst place, we assume that the density of states is constant and given by its
value at the Fermi level, i.e. F r r r» º( ) ( ) . In second place, as the resulting energy integrand is non-zero
only in a small neighborhood of the Fermi level, themomentum-dependent exponentials are approximated by
their values at k=k′=0. The resulting energy integration are analytic and one gets the following simple
expressions.
g
J J
L4
, A.7
zl zl
R l l
, 2
w p w=¢ ¢( ) ( ) ( )
and
g
J J
L
k d l l
4
cos 2 . A.8
bl bl
R l l
, 2 F
w p w= - ¢¢ ¢( ) ( ) [ ( )] ( )
Equations (5) and (7) are then trivially found by inserting equations (A.7), (A.8) into expressions (A.2) and (A.3).
Appendix B. Effect of themagnetic anisotropy
Herewe illustrate the effects ofmagnetic anisotropy taking the example of a chain of S=3/2 spins.We choose
the parameters of theHamiltonian so that the there are two low energy states, well separated from the rest, as in
the case of the isotropic chain. The results are typify by a chain of sizeN=5with J D0.5H = ∣ ∣, E D0.3= ∣ ∣
and g DB 0.1zBm = ∣ ∣. For a small JH, the ground state would be, to a very good approximation, given by aNéel
type product state, where the spins are in the state Szñ µ∣ ∣ 3 2 1 2+ ñ + - ñ∣ and its time reversal symmetric,
with O E
D
 ~ ( ). Antiferromagnetic interaction favors conﬁgurations of odd spins pointing in opposite direction
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than even spins. The ground state is a doublet that, atﬁniteBz, is split, deﬁning a two level system. Since JH is not
that small, our low energy doublet has contributions fromother conﬁgurations as well.
Spin relaxationwithin this doublet, which determinesT1 and also contributes to the non-adiabaticT2,
occurs via quasiparticle spin-ﬂip, with forward and backward channels. As for the S=1/2 spin chain, the
backward channel ismodulated by 2kFd and it is the only one available for Kondo couplingwith the spin-
momentum locked states of theQSH edges, see equations (5) and (7).When kFd is such that the backward
scattering rate drops,T1 is limited by its residual scattering rate, in contrast to the 1D electron gas that conserve
both channels open. The resulting enhancement ofT1 also appears for the anisotropic spin chain, seeﬁgure B1.
WenowdiscussT2 for the anisotropic spin chain (see bottompanel ofﬁgure B1). It has contributions from
population scattering, discussed above, and the pure dephasing and spin-preserving contributions.
Interestingly, because of themagnetic anisotropy, spin-ﬂip scattering terms are suppressed by a factor ò2,
compared to spin-preserving events. Therefore, the latter are dominant. For theQSH case, spin-conserving
events are only allowed in the forward scattering channel. As a result,T2 does not depend on kFd for theQSH.
For the normal case, tuning kFd can eliminate the backward scattering contributions,makingT2 the same for
both types of electron gases.
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